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THE ABC THEOREM
FOR HIGHER-DIMENSIONAL FUNCTION FIELDS

LIANG-CHUNG HSIA AND JULIE TZU-YUEH WANG

ABSTRACT. We generalize the ABC theorems to the function field of a vari-
ety over an algebraically closed field of arbitrary characteristic which is non-
singular in codimension one. We also obtain an upper bound for the minimal
order sequence of Wronskians over such function fields of positive characteris-
tic.

1. INTRODUCTION

Let k be an algebraically closed field of characteristic p > 0. Let g, x1, x2 € klt]
be non-zero relatively prime polynomials such that zg + 1 = x2. If zy/z1 is not a
constant for the case where p = 0, or z¢/x; is not a p-th power in k(t) for the case
where p > 0, then Mason’s “ABC theorem” [Ma] asserts that

max deg{zo, x1, 22} < N1(zox122) — 1.

We denote by Ni(f) the number of distinct zeroes of f for any non-zero poly-
nomial f € k[t]. In fact, Mason’s theorem is proved for any function field of
transcendence degree one over k. With more variables involved in the sum of
functions zg + -+ + x, = xp41, n > 2, Mason’s theorem was generalized by
Voloch [Vol|, Brownawell-Masser [BM], and the second author [Wal]. In the case
of higher-dimensional function fields, Shapiro-Sparer [SS| proved an ABC theorem
for C[X1, ..., Xn]. Using techniques from Nevanlinna theory, Noguchi [No] was able
to generalize the ABC theorem for the function field of a smooth variety over C.
It is well known from Vojta’s dictionary [Voj| that the ABC theorem corresponds
to the truncated second main theorem in Nevanlinna theory. A Nevanlinna sec-
ond main theorem for affine algebraic manifolds defined over C was obtained by
Stoll-Wong [SW] and Ye [Yd].

The ABC theorem has many applications in the study of Diophantine geometry.
For example, it was used to study the S-integral points on projective spaces minus
hyperplanes. It also has applications in obtaining finiteness properties of integral or
rational points on curves or varieties defined over function fields. It is also important
to establish some sort of ABC theorem for a more general algebraic varieties. For
example, Buium [Bu] obtained an ABC theorem for any affine open subset of an
abelian variety with trace zero. We refer to |[Bu| for a more general definition of
ABC theorems, and to [Wa3| for the relations between ABC theorem and integral
points on projective spaces minus hyperplanes.
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The major goal of this paper is to generalize the ABC theorem over a higher-
dimensional function field of positive characteristic. In fact, our method treats
both the cases of zero characteristic as well as positive characteristic. Let V be a
projective variety over an algebraically closed field k of characteristic p > 0 and
which is non-singular in codimension one. Let K = k(V') be its function field which
is separably generated over k. Let N be the dimension of V over k. Let Mg
denote the set of prime divisors (irreducible subvrieties of codimension one) of V
over k. We state our main result (Theorem 1) in the case of positive charactersitic
as follows.

Theorem. Let Ly, ..., Ly, ¢ > n+1, be linear forms in n+1 variables over k which
are in general position. Let X = [xg,...,xn] € P*"(K) be such that xo,...,x, are
linearly independent over KP" for some m € N. Then, for any fized finite subset
S of Mg, the following inequality holds:

(q -—n- 1)h(x07 7mn)

q
. m—1 .
<22 degpmin{np™ ", ordy(Li(X)) — min {ordy(z;)}}
=1 p¢S
n(n+1)

5 p" (deg Ky + O(N)deg V + Zdegp),

pes
where O(N) =04 N=1and O(N)=N if N > 1.

For the definition of the height h(zg,...,z,) of X € P*(K) and the canonical
divisor Ky, see Section 4.

Our approach uses algebraic methods which are close to the methods used in
[GV], [Wal] and [Wa2]. One of the key ingredients is the study of a general-
ized Wronskian in positive characteristic which was introduced by H. Hasse and
F. K. Schmidt [HS] in the curve case and by Okugama [OK] in the case of multi-
variables. In [GV] Garcia and Voloch gave a criterion for the linear independence
of elements of K over KP" in terms of the non-vanishing property of a generalized
Wronskian. We will generalize their criterion to the multi-variable case and follow
the ideas in [Wal], [Wa2| to refine their criterion. We will also give a formula of
changing variables for a generalized Wronskian. This formula is necessary for esti-
mating the vanishing order of the generalized Wronskian along any prime divisor
in V. Similar results were obtained in [Wal], [Wa2] in the curve case. Since more
variables are involved, more efforts are needed in deducing the results. These will
be treated in Section 2 and Section 3.

The major difficulty in proving the higher-dimensional ABC theorem is that
the ramification theory is more complicated in the higher-dimensional case than
in the curve case. In our case, V is regarded as a finite ramified cover over the
N-dimensional projective space PV. The ramified divisors of the cover V. — PV
will arise naturally when estimating the vanishing order of a generalized Wronskian.
We will briefly review in Section 4 the theory of ramification which will be used in
our situation.

In Section 5, we deduce our main result. The major task is to estimate the
vanishing order of a generalized Wronskian along an arbitrary prime divisor of V.
We are able to bound the vanishing order in terms of the degree of the ramification
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divisor of V. Once this is done, we then apply our results in Sections 2 and 3 to
prove our main theorem.

In the final section, we give a refinement of the orders of the iterated derivative
(Theorem 2) appearing in the generalized Wronskian. For the definition of the
iterated derivatives, see Section 2. In the course of the proof of our main result,
these orders will affect the sharpness of the error term in the ABC theorem. We
believe that these refinements should be useful in improving the error term in some
circumstances.

Throughout this paper, we fix k to be an algebraically closed field of characteristic
p > 0. We let V denote a projective variety of dimension N over k which is non-
singular in codimension one. Let K = k(V') be its function field.

2. WRONSKIANS IN POSITIVE CHARACTERISTIC

In this section we will generalize results in [GV], [Wall], [Wa2] on Wronskians
over 1-dimensional function fields to the higher-dimensional case. The methods
used here are similar to those three papers.

Let z = {21, ..., 25 } be a set of transcendental basis of K such that K is a finite
separable extension over k(z1, ..., zn). Let a;, 8; be positive integers. The iterated
Hasse partial derivatives (iterated derivatives for short) D:’ are defined by the
formula DZ? (sz) = (gfj)zf’*aj, and D27 (28m) = 0 if j # m. Then the iterated
derivatives are defined on k(z1,...,2zy) and they can be uniquely extended to K
as K is separable over k(z1, ..., zny). We will use the same notations D?f to denote
their extensions.

Throughout the paper, we will use the bold Greek letters a, 3, ..., €, etc. to
denote integer vectors whose entries are non-negative integers. For a = (a1, ..., an)
and 8 = (B4, ..., Bn), we use the convention a < 8 (a < 3) to mean that a; < f3;
(resp., a; < ;) for all i = 1,...,N. Set Dg := D¢} ...DgN; then the order of
D¢ is defined to be |a| := Zjvzl a;. The iterated derivatives satisfy the following
elementary properties. (See [GV], [OK].)

Proposition 2.1. (a) DZ(zy) =3 5,1—a DB(z)DY(y), for all z, y € K.

(b) DEDE(x) = (“47) ... (% PN)DetP(x), for all w € K.

(c) Let t = {t1,....,tn} be another separable transcendental basis of K over k.
Then we have

Yot
i=1

J
forallxz € K.

For the rest of this section we assume that k is of positive characteristic p. Set
Ky ={z€ K| D/(z)=0for 1 <a; <p™, 1<j< N}, and
Ko ={x € K| DZ(x) =0 for all || > 1}.

Proposition 2.2. (a) For allm > 1, K,, is a field. Moreover, D’z’;n, 1
j < N, are partial derivations on K,, and K41 = {z € Km|D§:,n (x) =
0, forall1<j < N}.
(b) K, = KP" and Koo = k.

IN
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Proof. (a) follows from [GV], Proposition 1, and (b) follows from [HS|, Satz 10,
and induction on the transcendence degree of K over k. O

Proposition 2.3. The field extension degree [K : K, is pN™. Furthermore, if
{z1,...,2N} 1s a set of transcendental basis of K over k, then K is a separable
extension of K, and the set {z1*...230| 0 < ¢ <p™ —1, 1 <i < N} forms a
basis of K over K,,.

Proof. To ease the notation, we denote k(z1,...,zn5) by F. Note that F,, =
k‘(zfm, ...,zﬁ;n) since k is perfect. Note that the map ¢,, = (z — zP") induces
a field isomorphism from K to K,,. Also, F' is isomorphic to F;, via this isomor-
phism. Since K is separable over F, it follows easily that K, is separable over
F,, and [K,, : F},;] = [K : F]. The separability of K,, over F,, implies that K,
is linearly disjoint from F' over F,, (see, for example, [Lall Chap. X, §6]). By the
linear disjointness, we have [K;, F : F| = [K, : Fiy] = [K : F). Hence, K = K,,,F.
It’s clear that {z'... 23| 0 < ¢ <p™ —1, 1 <i < N} is a basis for F' over Fy,.
Now our claim follows by the linear disjointness between K, and F over F,,. O

We now formulate a linear independence criterion for a given set of elements of
K over K,,.

Lemma 1. Let xg, ..., x, be elements of K. Then xq, ..., T, are linearly independent
over Ky, if and only if there exists a sequence of integer vectors € < (p™ — 1, ...,
p™ — 1) with 0 = |€°] < |eY]--- < |€"| such that

det(DE (x;))o<ij<n 7 0.

Remark. Lemma 1 can be proved by induction as in [GV] for the proof of the case
N = 1. Here we present a different proof by using Proposition 2.3.

Proof. By Proposition 2.3 the set of elements {z€ |0 < e < (p" —1,..,p™m — 1)} is
a basis of K over K,,. For this chosen basis, we note that D{z¢ =1 and D2 =0
if a; > ¢; for some 1 < ¢ < N. We fix an order among the integer vectors €’s
and set B = (D2z€) to be the square matrix with entry DZz€ where 0 < a, € <
(p™ —1,..,p™ — 1) . Then, a direct computation shows that B is an invertible
matrix. For any given elements w, ..., ¥, of K, there exists an (n+1) x p™ ™-matrix
M over K, with M = (mje),0<i<n,0<e<(p™ —1,....,p™ — 1), such that

_ € .
T; = E Miez®, 1=0,..,n,
€

where the sum is over all integer vectors € such that 0 < e < (p™ — 1,...,p™ — 1).
By Proposition 2.1(a) and Proposition 2.2, we see that

Dz, = Z mieDgz¢ fori=0,..,nandall0 <a < (p™ —1,..,p™ —1).
€

Hence, (DQx;) = BM". Now it is clear that x,..., 2, are linear independent
over K,, if and only if M has rank equal to n + 1, and this is equivalent to the
rank of the matrix (DZx;) being n + 1. Thus there exists a sequence of integer
vectors €, €!, ..., e" with 0 < € < (p™ — 1,...,p™ — 1) such that the determinant
of the matrix (DS x;) is not identically zero. We may rearrange the indices so that
0 =€’ < |e!| <--- < |e|. This completes the proof of Lemma 1. O



ABC THEOREM FOR HIGHER-DIMENSIONAL FUNCTION FIELDS 2875

Lemma 2. Ifxg,...,x, € K and are linearly independent over K,,, then there exists
a sequence of integer vectors €' with 0 = |€°] < |et|--- < |€"| and |€'| < ip™~! such
that

det(DE (x;))o<i,j<n 7 0.

Remark 1. The bound is sharp in some cases. For example, let K = k(z1,...,2n)

m—1 _yam—1
and the sequence of functions be 1, 27 fi,..., z§p Lp fp—1, where f; € KP
and f; # 0. Then the minimal €’ satisfying Lemma 2 is €’ = (ip™ 1,0, ..., 0).

m

Remark 2. If K is of characteristic zero, then |€!| < i. A proof can be found in
[Ful.

Proof. The proof will be done by induction on n. When n = 0, this is trivial. Let
n be a positive integer. Let xg,...,z, € K be linearly independent over K,, and
assume that the lemma holds for xg, ..., z,—1. That is, there exist integer vectors
€, ...,e" ! with |€’| < ip™! such that det(DS (z;)) is not identically zero. Let
the integer vectors € be fixed for i = 0,...,n — 1. If the lemma does not hold for
Zg, ..., Ln, then the following n + 1 vectors

z;, = (v;, DS (2),.... D" " (2), ..., DX(x;),...), with |a| < np™ !

are linearly dependent over K. Thus, there exist ay, ..., a, € K such that

(n—1)

n
(2.1) ZaiDg‘(xi) =0 for|a| <np™ '
=0

Since xg, ..., xp—1 are linearly independent over K,,, by the induction hypothesis,
the first n vectors x,), ..., ,,_; are linearly independent over K. Hence a,, # 0, and
without loss of generality, we may assume that a,, = 1. We shall show that a; € K,,,
and then (2.1) with a = (0, ...,0) will give a contradiction to the assumption that
xQ, ..., T, are linearly independent over K,,.

To show that a; € K,,, it suffices to show that D; (a;)) =0for 1 <r < pmt
and 1 < j < N. This will be done by induction on r. For r = 1, applying the
operator D, to (2.1), then by Proposition 2.1 and (2.1) we have

n—1
Z(Dzaai)Dg(xz) =0, for |a| < npm—l 1
1=0
In particular,
n—1
Z(DZJG'Z)D?(x’L) =0, for |Cl(| < (TL _ ]_)pmfl.
=0

By the induction hypothesis that the n vectors z, ..., z,,_; are linearly independent
over K, we conclude that D, a; =0 for j =1,.... N and i =0,...,n — 1.
Assume that for i =0,...,.n—1

(2.2) D? (a;) =0for 1 <r<b< p" L
Now applying ng to (2.1), we deduce that

n—1
> (DY ai)DE (i) =0, for o] < (n—1)p™
=0
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by Proposition 2.1, (2.1) and (2.2). Consequently, the linear independency of
xg, ..., &, over K implies that ngai =0forl1<b<pm?! j=1,.,N, and
1 =0,...,n — 1. This completes the induction steps and proves the lemma. ([l

3. FURTHER PROPERTIES OF WRONSKIANS

We retain the notation used in Section 2. In order to simplify the notation, we
let the boldface letter f denote the vector (fo,..., fn) of K"T1. For any iterated
derivatives D%, we set D*f = (D* fo,..., D*f,) and more generally, for D =
Yoo taD® weset Df =3 aaD*f, where aq € K and the sum is a finite sum.
We now denote kKP" to be k if p = 0 or K?" if p > 0. By results of Section
2, if fo, ..., fn are linearly independent over kKP", then there exists a sequence of
integer vectors €, ..., €" with 0 = %] < |e!| < --- < |€"| such that the Wronskian

det(DS f)o<ij<n

does not vanish identically. We choose a sequence of integer vectors €’ so that they
are minimal in the following sense: € = (0, ...,0); if €%, ..., /=1 are chosen, then we
choose €' with |€‘| minimal such that the row vectors D;O f,..., DS f are linearly
independent over K. Therefore, if 3°, ..., 3" are integer vectors with [8°] < --- <
|3"| such that the vectors DEO f,..., D2" f are linearly independent over K, then
l€'] < |B'| for each i = 0,...,n. For a fixed f = (fo,..., fn) € K™, the symbols
€, ..., €" are reserved for any chosen sequence of minimal integer vectors in the
above sense with respect to the set of transcendental basis z = {z1, ..., 25 }. In our
discussion below, the K-vector f (or X) is fixed, hence we will call {€°,...,€"} a
sequence of minimal integer vectors (with respect to z). Let t = {t1,...,tn} be
another separable transcendental basis for K over k. Let a be a given integer
vector. For integer vector 3 with |3| = |a| we define J]? 2% to be the coefficient

(a7

of Dtﬁ f in the following formula:

B
ot
DSf= Z (H a) D,';Bf + Q-linear combination of D,';Bf with |8] < || .
1Bl=la|
Then [T? 2t is a Q-linear combination of il %’E’f;, where a(7) and b(i) are some
integers between 1 and |a|. For example, if &« = (2,1,0,...,0) and 8 = (1,2,0,...,0),
then []2 8t = 2901 0t2 Ota 4 Ot (Otay2,

a Oz 9z1 0z1 Oz2 8.22 . 0z1 . . .
Note that a sequence of minimal integer vectors is not unique. However the
sequence of their orders |€°|, ..., |€"] is unique with respect to z. In fact, we will show

0,..

that the sequence of orders |€"], ..., |€"] is independent of the choice of separable

transcendental basis.
Proposition 3.1. (a) If g; = > asjf; with (aij) € GLp41(k), then
det(DS g;) = det(a;;) det(DE f;).
(b) If h € K, then
det(DE hf;) = b det(DE f;).

(c) The sequence of minimal order {|€°],|€}],...,|€"|} is independent of the
choice of a separable transcendental basis for K over k. Furthermore, if
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t = {t1,....,tn} is another transcendental basis, then the following formula
for the determinant of the Wronskian holds:

det(DE f;) = det > (H%)D?fj

la=[e'] €
Before we give a proof of Proposition 3.1, we make the following remark.

Remark. Let £; denote the subspace generated by the set of vectors {DZf | |a| <
d} over K and let Ay = dimg &g.

By definition, it is clear that 1 = X g < Ay < -+ < \; < ---. Since fy, ..., f, are
linearly independent over K,,, it follows by Lemma 1 that there exists a positive
integer ds such that Ay, = n+ 1. Let dj,ds,...,ds be the indices such that 1 =
A=< Agy =+ < Ag, =+, etc., and Ay, = n+ 1. By the definition
of the sequence of minimal integer vectors, we see that the sequence of integers
0 < dy < --- < ds are the orders of minimal integer vectors. Moreover, the set of

K-vectors {f, Dglf, ...,D;M"’ f} forms a basis of £;, for 1 < i <s.

Proof. (a) This is a standard property of Wronskians.

(b) Note that the (i + 1)-th row of the Wronskian (D;ihfj) is the row vector
th f. We claim that each row of the Wronskian can be replaced by the row
vector hD;i f for 0 < i < n without changing the determinant of the Wronskian.
For ¢ =0, D;O hf = hf and the claim holds automatically. Assume that the claim

holds for all rows DS hf such that |e!| < d; for some j with 0 < j < s. Assume
that |€"| = d;, then by Proposition 2.1(a),

DEhf=hDE £+ > (DZh)(DEF).
1BI<lem|
The set of vectors {DSf | |B] < |€"| = d;} is contained in &;,_,. They are in

the subspace generated by D;l f with |€l] < d;. Hence, replacing the row vector
DS hf by hDS f does not change the determinant of the Wronskian. The claim
now follows. It is clear that assertion (b) follows from the claim.

(c¢) By Proposition 2.1, we have the following identity:

B
ot
(3.1) Dgf= Z (H a)Dtﬁf + linear combination of Df f with |8| < |a] .
IBl=la| @

We also have

5
(3.2) D}f= Z (H %)Dg f + linear combination of DS f with |8| < |~/ .
[8]=[~v]

Let F4 denote the subspace generated by the set of vectors {Dgf | |af < d}
over K. It is not hard to see from (3.1) and (3.2) that £ C Fq as well as Fy C &;.
Thus, the orders of minimal integer vectors 0 = dy < d; < -+ < ds are invariant
under the change of coordinates. This proves the first part of (c).

The second part of (c) is also a consequence of (3.1) and (3.2). Note that the
first row of the Wronskian (D f;) is the row vector f which remains the same after
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the change of coordinates. Suppose that we have replaced the row vectors D§ f by
the following sum:

(o4
ot , ,
> | (H 5) D2 f for all € with |€'] < d;
la|=[et| €
without changing the determinant of the Wronskian . Let |€"| = d;, then by (3.1)
we have
. o ot
€ _ (a7
DEf= > (Ha_z)Dt F+ A,
lee|=lem| €
where A; is a linear combination of Dg* f with |a| < d; and hence they are in Fy,_,.
Therefore, replacing DS f by the sum Z\a\=|e7'| (TTe g—;) D¢ f does not change the
determinant. Moreover, the row vectors {Elal:‘eil(nz 2LYDgf | €' < d;} must
be linearly independent over K and generate Fg,, otherwise, the determinant would
be zero which is not the case. Inductively, we can replace each row of the Wronskian
by the sum as above and the second part of (c) follows. O

Proposition 3.2. Let p be an irreducible subvariety of V' of codimension one. Let
P be a smooth point of p and let t = {t1,...,tn} be a local coordinate system of P
in an open neighborhood U. If f is a non-constant element of K and regular along
p, then for any integer vector a > 0,

Dy (f)
f
Proof. Let Oy, p denote the local ring at P. Over some smaller neighborhood of P

contained in U, p has a local defining equation g € Oy.p and f = ug®™¥ f where
u € Oy p and u does not vanish along p. By Proposition 2.1,

D (ug™ )= > DfuD}g™ .
=B+

ord,

> —min{|e|, ord, f}.

The following inequality is clear:

ord, DY g% I > max{0, ord, (f) — |v|}.
Hence
D (f)

ord, 7

> —min{|v|, ord, f} > —min{|e|, ord, f}.

4. HEIGHT OVER A FUNCTION FIELD

For the rest of the paper, we shall fix a projective embedding of V' such that
V c PM for some positive integer M. Let My denote the set of prime divisors
(irreducible subvarieties of codimension one) of V. In this section, we recall the
definition of the Weil height of points of P*(K) as well as some basic facts from
algebraic geometry.

Let p € Mk be a prime divisor. As V is non-singular in codimension one, the
local ring O, at p is a discrete valuation ring. For each x € K* its order ord, = at
p is well defined. We can associate to x its divisor

(@)= > ord(z)p = (2)o — (#)oo,

peEMK
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where () is the zero divisor of z and (z). is the polar divisor of x, respectively.
Let degp denote the projective degree of p in PM. Then the sum formula

(4.1) deg(z) = ord(z)degp =0
pEXJWZK P
holds for all x € K*.
Given X = [zq, ..., p] € P"(K) with zg, ..., z, € K not all zero, the (logarithmic)
height of X is defined by the following formula:

hX)=— Z miin{m’;d(xi)} degp.
p

Note that X defines a rational map X : V--- — P” over k. The height of X can
also be interpreted as the projective degree of X~1(H), where H is any hyperplane
of P which does not contain the image of X (for a proof, see [La2l Chap. 3, Prop.
3.2] or [Se, Chap. 1, 2.2)).

In what follows, we shall fix an (M — N — 1)-plane PM~V-1 ¢ PM which is
disjoint from V. Let PV be an N-plane which is complementary to PM~N=1 and
let 7: V — P be the projection from PM~¥~1 We may choose 7 so that it is a
finite, separable morphism over k. Then the degree of 7 is equal to the projective
degree of V in PM. Let V° denote the smooth locus of V. Let 7% denote the
restriction of m on VY. Because V is non-singular in codimension one, the group
of divisors Divy(V?) as well as the divisor classes CI(V?) of V0 are isomorphic to
Divi (V) and CI(V'), respectively.

Let Kyo denote the canonical divisor class of V? and let R2 denote the divisor
class containing the branch divisor of 7°. Then, the identity

Kyo = R3 + (1) (Ken)
holds as usual, where KCpny denotes the canonical divisor class of PY. Let H? denote
a hyperplane section of VY. By abuse of notation, we will also denote H? as the
divisor class containing H®. Then the above identity can by expressed in terms of
HO as follows:

Kyo =R2 — (N +1)H°.
We also have the corresponding identity on V:
(4.2) Ky =R.—(N+1)H,

where Ky, R, and H denote the divisor class obtained by taking the Zariski clo-
sure of each codimension one irreducible subvariety in the representing divisors of
Kyo,R2 and H® in V, respectively. In the following, we will also call R, the branch
divisor of 7w . Note that H is also a hyperplane section of V.

5. THE TRUNCATED SECOND MAIN THEOREM

We retain the notation from Section 4. Let [Zy, ..., Zn] be a set of homogeneous
coordinates of PY. Without loss of generality, we may assume that the coordinate
hyperplane Hy of P™, defined by equation Zy = 0, is not contained in 7(R,). Let
zi = g—o for 1 <i < N. Then the set of functions 7*(z;) = z; om, 1 <14 < n, forms
a set of transcendental basis of K. By abuse of the notation, we will still let z;
denote 7*(z;) in K. Then, K is finite and separable over k(z1, ..., zy) with degree
equal to the degree of 7.

Definition. Let Q = Zp mypp be a divisor of V. We define deg ) = Zp my deg p.
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Theorem 1. Let X = [z¢,...,x,] € P*"(K). Let ¢ > n+1 and let Lq,...,L, be
linear forms in n + 1 variables over k which are in general position, that is, any
n+1 elements of L1, ..., Ly are linearly independent over k. Let S be any fized finite
subset of My . Suppose that xo, ..., x, are linearly independent over kKP" | then

(g—n—1)h(zg,...,xn)

< Z Z deg p min{nc(m, k), ord, (L; (X)) — Ogljign{ordp (xj)}}
i=1 p¢s ==
n(n+1) .

5 (m, k)(deg Ky + O(N) degV—l—Zdegp),

pesS

where the constant c(m,k) = 1 if p = 0 and c(m,k) = p™~' otherwise; and the
constant OIN) =0 if N =1 and O(N) = N if N > 1.

Remark 1. If k is of positive characteristic, then ¢(m, k) can be formulated in terms
of the minimal order |€'| which has a better bound as described in Theorem 2 in
Section 6.

Remark 2. If V is a smooth curve over k (N = 1), then deg Ky = 2¢g(V') — 2 where
g(V') denotes the genus of V.

Remark 3. When k = C, Theorem 1 is similar to the result of Noguchi [Na.
However, the error term in Theorem 1, % (deg Kv +O(N)degV+3_, g degp),
is more explicit.

As a special case of Theorem 1, we have the following result for polynomial rings.

Corollary. Let K = k(z1,...,z2n) and let fi,..., fn € klz1, ..., 2n] which are rela-
tively prime. Let Ly, ..., Ly be linear forms in n+ 1 variables over k and in general
position. If fo, ..., fn are linearly independent over kKP" , then

(¢ — n — 1) max{deg fo,...,deg fr}

< Z Z min{nc(m, k), ordp(L;(fo, ..., fn))} deg P,

i=1 P
where P runs through all irreducible polynomials in k[z1, ..., zn].

Remark 4. Shapiro and Sparer [SS] dealt with the special case that k& = C under
the assumption that fy,..., f,, are pairwise coprime.

Proof of Theorem 1. Let Uy = P¥ \ Hy. Fix any prime divisor p of V. Since V
is non-singular in codimension one by assumption, the intersection p° = p N VO
is non-empty. We will choose any point w which is in the smooth locus of p and
choose a neighborhood U, , of w such that p is defined by the zero locus of a
single function g,. Let t = {¢1,...,tn} be a local coordinate system of w in U, p.
The point w and the local coordinate system ¢ can be chosen to satisfy one of the
following conditions:

(i) If p is contained in the support of the branched divisor R, then 7(p) # Hp
by assumption. Let w € p°N7~1(Uy) and U, C 71 (Up). We may choose t; = gy,
and the branch locus 7(p) is defined by at|* near 7(w) for some a € K which has
no pole or zero along p. Then {at}",ts,...,tx} forms a local coordinate system in
an open neighborhood of 7(w). (See [BPV], p. 41, for a proof which also works in
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finite characteristic.) Write u = at®, then g—ﬁ # 0 with ordp(g—g) > e, —1since w
is separable.

(ii) If p is not branched and 7(p) # Hp, then we may choose any w € p° N
7 1(Up). There exists an open neighborhood U,, C 7 1(Up) of w such that
{t1 = #1,...,tny = zn} forms a local coordinate system of U, .

(iii) If p is not branched but 7 (p) = Hy, then we may choose a w and an open
neighborhood U, of w such that {¢t; = 7*(Zo/ZN), ....tx =7 (Zn-1/ZN)} forms
a local coordinate system of Uy, .

Since {z1,...,2n} forms a set of transcendental basis of K and xo,...,z, are
linearly independent over kK?" | by Lemma 1 there exists a sequence of minimal
integer vectors €, €!, ..., €" with 0 = |€°| < |e!| < --- < |€"| such that

det(Dzixj) # 0.

To ease the notation, we will set I; := L;(xo, ..., z,,) for 1 < i < ¢. Rearranging
the indices if necessary, we may assume that ord,(l;) > ord,(l2) > --- > ord,(lg).

Then we have ord,(lp+1) = -+ = ordy(ly) = min{ord,(z;)} ([Wall], Proposition
4.2). Set

ly...1
(5.1) L

= Wi%)
By Proposition 3.1(a)

det(DS )1<p<air = det(ag) det(DS @),
where [, = Z::o a,, T, for 1 < p < n+1 and the following identities are clear:

det(DS 1)  Cdet (Dj’lu)
l Y

(52) ln+2 NN lq =cG
Lo n

where c is a non-zero constant in k. To estimate the vanishing order of the function

det(Dil“ )i<pu<nt1 at p, we proceed as follows.

First, we express the determinant of the Wronskian (D; [,)) in terms of the local
coordinate system ¢ in the neighborhood U, , of w. By Proposition 3.1(c), we have

det(DE 1) = det( > <ﬁ %) DZl,).

ol =le \ e

Put & = — Or<nii£1n{0rd,g (z;)} and let 2f = =, gép. By Proposition 3.1(b),

€' €' p p
ord, (det(Dlz lu )) = ord, (det(DzL”(pr7 ""px”))> .

w
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Let mp = — mln {ordp(dt’ )}. Then
1<i,5<
De I,
(%)
b
—my 3 || DE L, (b, ..., aR)
— i=0 det mp \6 \ p\Lgy -y &
(53 =% ’ ( e

—my 3 |ef| = ot D¢ L, (xf,...,x%)
_ i=0 d t bl mp |‘E | g Q) r¥n
Ip € Z <H 8z> v Lo, .nah)

e =lef] \ e T

By construction, zf and ([ g—i)g;n” €'l have no poles at p. Also by Proposition
3.2, for |ar| = |€’| we have
DL, (xf,... aP)
5.4 ord G onl > min{|€l], ord + > —|€
) oray P (1€, ordy (1) + &) > —Ie'|.

Using the last inequality of (5.4) and the fact that ([T 2%)g,"™ 1l does not have
pole along p, we obtain the following:

(5.5) —ord, (det(%)> <(mp+ 1Yl
K i=0
On the other hand, |€'| < |€"| for 0 < i < n. Then the first inequality of (5.4) gives
D l n+1
(5.6) —ord, <det (—=+ L ) < my ; €' + ; min{|e”|, ord,(I;) + &}

Now (5.2) and (5.6) imply that
—(g—n—1) min {ordy(;)} degp

(5.7)
< (—ord,g +mp2|e |+Zmln{|e"| ord, (1 4)+£p}> degp.

i=1
Similarly, (5.2) and (5.5) imply that

n

(58) ~(g—n 1) min {ordy(z;)}degp < (~ordy(G) + (my +1) Y [€']) degp.
- =0

Summing (5.7) over all irreducible divisors p which are not in S and summing (5.8)
over all p which are in S, by the sum formula (4.1),

q
(g—n—1)h(zg,...,xn) < ZZmin{|e"|, ordy (I;) + &} degp

(5.9) pES T
+ ) [€( > mydegp+ > degp).
i=0 pEMy pes

We will now calculate my, in the three cases. In case (i), we have chosen a
local coordinate system (t1,...,ty) of w in Uy, N p such that (at]’, ..., tx) =
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(uq,...,un) forms a local coordinate system in a neighborhood of 7(w). Note that
- mm {ordp(d"’ )} = 0. Therefore,

1<4,j
ot; ot; ou;
— < — —
| Jnin fordy (5 7 )} < - nin {ordy (5= au, )} — | i ford,y (7= 7 )}
<ep,—1L

In case (ii), t; = z;. Therefore m, = 0 in this case. In case (iii), t; = 25" and
t; = zi,lz]f,l if ¢ # 1. It is easy to see that mp = =2 if N =1 and m, = —1if
N > 1. Since p is unbranched in this case, the number of irreducible divisors in
7 1({Zy = 0}) equals deg V. Therefore

degR, —2degV if N =1,
ZmpdegPS .
. deg R, — degV if N > 1.

Equation (4.2) gives that R, = Ky — 7*Kpy = Ky + (N + 1)7n*[H], where H is a
generic hyperplane of PV. Therefore

deg Ky if N =1,
ZmpdegPS .
. deg Ky + NdegV if N > 1.

If K has positive characteristic, then Lemma 2 implies

Z|ez|<zzpm 1_ n;’ 1)pm—1.

If p = 0, then by Remark 2 of Lemma 2, we have

Z|61|<Z n—|—1

Now the proof of Theorem 1 is completed. O

Proof of the Corollary. Let V = P¥ in Theorem 1. Let U; = {[Zo, ..., Zn] | Zi #
0},i=0,..., N, be the standard open coverings of V. Choose z1 = Z1/Zy,...,2N =
ZN/Zy to be the fixed transcendental basis which is also the coordinate system in
Uo. The polynomial ring k[z1, ..., z,] are rational functions on PV which are regular
on Uy. Denote by po the divisor defined by Zy = 0. Let p # po, be a prime
divisor of PV; then p corresponds an irreducible polynomial of k[z1, ..., zx]. Since
klz1,...,zn] is a unique factorization domain and fo, ..., f,, are relatively prime, we
have ming<;<n{ord, f;} = 0 and the given set of elements fo,..., f,, has height
h([f07 ey fn]) = max{deg f07 ) deg fn}

Let K = k(z1, ..., 2n) be the field of rational functions in N-variables. Let S be
the subset of M consisting of po, only. Note that deg Kpy = —(N +1). It is clear
the corollary follows from Theorem 1. O

6. A REFINEMENT ON THE ORDERS OF THE ITERATED DERIVATIVES

We assume that p is positive in this section. Although the bounds of the order of
the minimal integer vectors €V, ..., €” given in Lemma 1 and Lemma 2 are the best
possible in some special cases, they may not be sharp enough in most cases. In the
following theorem we provide a better bound for the order of the integer vectors

€’,...,€" in terms of the dimension of the vector spaces spanned by xg, ..., z,, over
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KP" for 0 < v < m. Assume that pN < n< p(C‘H)N. Since the field extension
degree [K : K?] = p°N by Proposition 2.3, it is necessary that m > ¢ + 1 if
Z0,...,Ty are linearly independent over K?". Denote by ly 4+ 1 the dimension of
the vector space spanned by o, ..., 2, over K?' for 0 <y < m. Let 0 = ~7(0) <
v(1) < -+ < v(u) < m be a sequence of integers between 0 and m such that
0= lyo) <l <+ <lyay =nand by = by = 0 = lyern-1, for
0 < § < u. With the above notation, we have the following

Theorem 2. Let xg,...,xn, € K. Then xg,...,x, are linearly independent over
K., if and only if there exist integer vectors €' with 0 = |€°] < |e!| < - < |€"|
such that

D‘ia:-)
(+) det (D'a;) . #0.

and the integer vectors € = (eb,...,e%),i = 0,1,...,n, satisfy the following condi-
tions for 1 < s < ly(5) — ly(5—1) where 1 < § < u as defined above:
(A) €™ <minfsp?@-1p7® — 1}, 1< <N,

(B) |elw(§71)+3| < (17(571) + 5)p7(6)_1,

. lys—1)+s . .
(C) there exists a component ej”(‘i Y in the corresponding vector €115 such

that ;7 ® 07 > pr@)-1,

. . Lys—1+l . )
In particular, there exists a component €. °~V" " in the corresponding vector

J
€0+l such that e?“’““ = pr(®-1,
We recall the following result which is needed for the proof of Theorem 2.

Proposition 6.1. Let p be a prime number. Let a = Eizo a;p* and b = Zizo bip,
with 0 < a;,b; < p—1, be the p-adic expansions of the nature numbers a and b.
Then (Z) is not divisible by p if and only if a; > b; for all i > 0.

Proof. See [HS], or [GV]. O

Proof of Theorem 2. The “if” part of the theorem comes from Lemma 1. Therefore
we only need to show the “only if” part.

Without loss of generality we may assume that xg, ..., x;_ ., are linearly indepen-

~v(8)

dent over k7' By the definition of v(6), wo, ..., 21, ;_,,+s are linearly dependent

v(8)—1

over KP for 1 < s <ly5) — ly(5-1)- Then the row vectors

Dgxy, D%y, ..., Dy , for all |a| such that a; < p?"®~" for all j
z z z ~(8) J

are linearly dependent. Hence, if €, ..., €" satisfy (), then they must satisfy (C).

We now claim that there exists a sequence of integer vectors which satisfies (A)
and (B) such that () holds. This will be done by induction on n. When n = 0, this
is trivial. The proof will then be completed by two induction steps. First we show
that if the claim is true for n = l,(5_1), then it is true for n = I, (5_1) + 1. We then
show that if the claim is true for n = [ (5_1)+s, then it is true for n = I, (5_1)+s+1,
where 1 < s < 17(5) — 17(5,1).

Now we start the first part of the induction steps. By induction, we assume that
the claim is true for n = l,_1). Let xo, ...,z ;_,,+1 be linearly independent over

K?"” and assume the conclusion of the claim does not hold. Then the following
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vectors, 0 <4 <l 5-1) + 1,

x; = (;,..D%xz;,...) with a < (p?®@ 71 . p?©® 1) and |a| < (Ly5—1) + 1)p7@-1

1

are linearly dependent over K. Then there exist ag,...,ar ,_,,+1 € K, not all
zeros, such that
(6.1)
lys—1)+1
Z a;D%x; =0 for a < (p?@~1 . p"@~1) and |a| < (Ly5—1) + 1)pr -1,
i=0

. . . (5-1) . .
Since o, ..., 71, ;s_,, are linearly independent over K p’ , by the induction as-

sumption that the vectors x,... Ly s, Are linearly independent over K. Hence
a,s_+1 7 0 and without loss of generality we can assume that a; ,_, +1 = 1.
We shall show that a; € k7" and then (6.1) with @ = (0, ...,0) will give a con-
tradiction that completes this step of proof. By Proposition 2.2(a), it suffices to
show that Dg’;r)ai =0for0 <7 <~(f)—1and 1< j < N. This will be done by
induction. For r = 0, applying D.; to (6.1) we have

Ly—p+l ly-1)
(62) (aj + ]_) Z aiDgal,...,Ozj+17~~~,ocN)xi + Z DzjaiDzaxi =0.
i=0 1=0

Then from (6.1), we have Zi”:(g_l) D a;D¢x; = 0,for o < p@-1 1 q, <
p’@=1ifg # jand |a] < (ly5—1) + 1)p?Y®=1 — 1. Deduce from the induction
assumption that the following vectors for 0 <14 <1, 5_1)
(6.3) (24, ..., D2x;,...) with a < (p?®~Y . p?®= Yy and |a| < 17(5_1)1)7(‘5_1)_1
are linearly independent over K. Hence D, a; =0 for 0 < i <l ;5_1).

Assume that Dg’;u)ai =0for 1 <j<N,0<v<r—land0<:i< 17(5,1).
Then a; € KP" for 0 <i < lyis=1)- Therefore
(6.4) DPfa;=0  for (0,..,0)£B<(®» —1,...,p" — 1) and 0 < i < I, 5_1).

Let the operator ij with 8; < p"—1 apply to (6.1) for a with o; = pY(@=1 Then
by Proposition 2.1 and (6.4) we have

Lys—1)+1
v (8)—1 N T8 NB)-1 5
(65) (p ﬂ + ﬁ]) § aiD;a17~~~7p +5_71---104N)xi — 0
J i=0

Since 3; < p?9~1 from Proposition 6.1 we have (pwg)[;hrﬁj ) # 0 (mod p). There-
J
fore,

lys-1+1
(6.6) Z aiD;al""’a’Jrﬁj""’aN)xi =0, forain (6.1)and 3; <p"—1.
i=0

Now apply the operator D’Z); to (6.1); then as a result of (6.6),
(6.7)

lye-1)
Z Di’;aiDzo‘xi =0, for a < (pV(‘S)_l—l, ...,p”’(é)_l—l) and |a| < 17(5_1)1)7(6)_1.
i=0
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Again since the vectors in (6.3) are linearly independent over K, it follows that
Dé’;ai =0 for 0 <7 < l,5-1)- This completes the first step of the induction proof
of the claim.

It remains to show that if the claim is true for n = I, 5—1 + s, then it is true
for n = 17(5),1 +s+1,1<s5< Z’Y(5) — 17(5,1). If (s + 1)p7(6)_1 > pV(é) — 1, then
this induction step is similar to the proof of Lemma 1. If (s 4 1)p7(®) =1 < p7(0) 1,
this induction step can be showed by Lemma 1 and Lemma 2. We will omit these
arguments. O
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